We compute the number of simple components of a semisimple finite abelian group algebra and determine all cases where this number is minimal; i.e. equal to the number of simple components of the rational group algebra of the same group. This result is used to compute idempotent generators of minimal abelian codes, extending results of Arora and Pruthi [S.K. Arora, M. Pruthi, Minimal cyclic codes of length 2p n , Finite Field Appl. 5 (1999) 177-187; M. Pruthi, S.K. Arora, Minimal codes of prime power length, Finite Field Appl. 3 (1997) 99-113]. We also show how to compute the dimension and weight of these codes in a simple way.
Introduction
Let F = GF(q) be a field of prime power order q and let m be a positive integer which is relatively prime to q. The cyclic codes of length m over F can be viewed as ideals in either F [X]/ X m − 1 or in the group algebra F C m , where C m denotes a cyclic group of order m. Taking the first viewpoint, Arora and Pruthi [11] computed the idempotent generators of minimal cyclic codes of length p m in the case when either p m = 2 or 4 or p is odd and the multiplicative order of q, modulo p m , is ϕ(p m ). In a subsequent paper [1] they studied the case when the length is 2p m .
By considering cyclic codes as ideals in the group algebra F C p m we are able to obtain these results in a much shorter way and to show that these are actually the only cases where the computation is possible along these lines (i.e., directly from the lattice of subgroups, without the need of roots of unity or even cyclotomic classes as in [1] ).
More generally, an abelian code over a field F is any ideal I in the group algebra FA of a finite abelian group A (cf. [2] , [3, Section 4.8] ). A minimal abelian code is an ideal I minimal in the set of all ideals of FA. As in the case of cyclic codes, the Hamming distance between two elements α = g∈A α g g, β = g∈A β g g in FA is the number of elements of the support in which the coefficients differ; i.e., d(α, β) = {g | α g = β g , g ∈ A} .
The weight or minimum distance of the ideal I is the number
In the next section, we give similar constructions for minimal abelian codes under the same conditions. In this way, we also extend the results of Berman [2, p. 22], as far as possible.
In order to do this, in the first section of the paper we compute the number of simple components of a finite abelian group algebra FA and determine conditions for this number to be minimal. Such a computation can be obtained from the theorem of Berman and Witt (see [4, Theorems 21.5 and 21 .25] or [5, Theorem 47.2] ) and from a result of Khül-shammer [8] , using character theory. Simplifying the methods of Ferraz [6] to the abelian case, we are able to evaluate this number in an elementary manner, using only the structure of FA.
The number of simple components
Let F be a finite field, with |F | = q elements, and let A be a finite abelian group such that (q, |A|) = 1. Then FA is semisimple and, if {e 1 , . . . , e r } is the set of primitive idempotents of FA, we have that
where F i (FA)e i , 1 i r, are fields which are finite extensions of F .
In [6] , Ferraz gave a general method to compute the number r of simple components of a semisimple group algebra. In our present case of finite group algebras of abelian groups, we can give a simpler way to determine such a number. Set
Notice that F e i F as fields in a natural way and that the number r of simple components is also the dimension of A as a vector space over F . Let g be an element of the finite abelian group A. We recall that the q-cyclotomic class of g is the set
where t g is the smallest positive integer such that
and o(g) denotes the order of g. Since (q, o(g)) = 1, there will always exist such a number t g . It follows easily that if
. . , g s } denote a set of representatives of the q-cyclotomic classes. Proof. As noted above, the number of simple components of FA is equal to the dimension of A over F . We shall exhibit a basis of this subalgebra with s elements. Given a q-cyclotomic class S g we define η g = h∈S g h ∈ FA. We claim that B = {η g i | 1 i s} is a F -basis A. Clearly B is a linearly independent set so we only need to show that it also generates A. We remark first that, since η So, for each g ∈ A, we have that α g = α g q = · · · = α g q tg −1 and, consequently,
A well-known theorem, due to Perlis and Walker [9] (see [10, Corollary 3.5.5]) shows that the number of simple components of the rational group algebra of a finite abelian group A is equal to both the number of cyclic subgroups of A and the number of its cyclic factors.
Notice that, if h ∈ S g , then h = g q j for some j . As (q, o(g)) = 1, it follows that g = h . So each q-cyclotomic class S g is a subset of the set G g of all generators of the cyclic group g . So, it is clear that the number cyclic subgroups of A is a lower bound for the number of simple components and that this bound is attained if and only if
For positive integers r and m, we shall denote by r ∈ Z m the image of r in the ring of integer modulo m. Then,
and we have the following 
Proof. Assume first that U(Z e ) is cyclic generated byq. For an element g ∈ A, we have that o(g) | e and thus (q) ∈ Z o(g) is a generator of U(Z o(g) ).
For every element h of G g we have that h = g r for some positive integer r such that r ∈ U(Z o(g) ), sor =q j for some positive integer j and h = g q j ∈ S g . This shows that
Conversely, suppose that G g = S g for all g ∈ A. We recall that if A is a finite abelian group of exponent e then, there exists an element g 0 ∈ A of order e and, in particular, G g 0 = S g 0 . Hence, for each integer r such thatr ∈ U(Z e ), we have that g r 0 ∈ S g 0 and there exists some integer j such thatr =q j . Thus,q generates U(Z e ), as claimed. 2
It is well known that U(Z e ) is cyclic if and only if e = 2, 4, p n , or 2p n , where p is a odd prime integer, and n is a positive integer. Notice that, if q is odd thenq is a generator of U(Z 2 ); it is a generator for e = 4 if q ≡ 3 (mod 4) and is a generator of U(Z e ) for e = p n , or 2p n , if and only
Hence we have the following (i) e = 2 and q is odd.
(ii) e = 4 and q ≡ 3 (mod 4).
Minimal cyclic codes
Let H be a finite subgroup of a group G. If (q, |H |) = 1, we set
It follows that H is well defined and it clearly is an idempotent of F G.
Lemma 3.
Let F be a finite field with |F | = q, and let p be a rational prime and let A = a be a cyclic group of order p n , n 1. Let
be the descending chain of all subgroups of A. Then the elements
form a set of orthogonal idempotents of FA such that e 0 + e 1 + · · · + e n = 1.
The proof is straightforward as in [7, Lemma VII.1.2] . It is noted in [7, Remark VII.1.3] that this method yields the set of primitive idempotents of QA but that this is not so, in general, over finite fields. However, since these idempotents are n + 1 in number it will be the set of primitive idempotents whenever FA has precisely n + 1 components. Since the exponent of A is p n , in view of the results of the previous section, we have that this happens if and only if q and p n are related as described in Corollary 2. Hence, we have the following 
As an immediate consequence, we obtain the following result of Pruthi and Arora. Clearly, these idempotents determine the set of minimal ideals in FA and hence, the minimal cyclic codes of length p n over F . A straightforward computation shows that these are the same idempotents given in [11, Theorem 3.5], though there they are expressed in terms of cyclotomic classes.
The idempotent generators of minimal ideals in the case of cyclic groups of order 2p n now follow easily from the previous results. 
Proof. Notice that
Since the idempotents of F C are (1 + t)/2 and (1 − t)/2 and the idempotents of FA were computed in Theorem 3.1 above, the claim follows immediately. 2
The dimension and minimum distance of the minimal ideals I i = (FA)( A i − A i−1 ) can be computed directly in a simple way, which will be given in the last section in the more general context of abelian codes.
The generating polynomials are not really necessary in this approach but will be given for the sake of completeness. They can be easily computed as follows. If e i (X) ∈ F [X] is any polynomial such that e i (a) = e i , then it is well known that the generating polynomial of I i is given by
We compute:
Also:
Since every root of (X p i−1 − 1) in an algebraic closure of F is also a root of
, we obtain (as we shall also see, in a different way, in Section 5) that
Minimal abelian codes
We wish to extend this result to finite abelian groups. We shall first consider the case of p-groups.
Let A be an abelian p-group. For each subgroup H of A such that A/H = {1} is cyclic we shall construct an idempotent of FA. We remark that, since A/H is a cyclic group of pth-power order, there exists only one subgroup H * of A containing H , such that |H * /H | = p. We define e H = H − H * . Clearly e H = 0 and we have the following Lemma 5. The elements e H , defined as above together with e A = A form a set of pairwise orthogonal idempotents of FA whose sum is equal to 1.
Proof. The fact that these elements are idempotents is straightforward. Let H and K be different subgroups of A such that both A/H and A/K are cyclic, not equal to {1}, and let H * and K * be subgroups containing H and K, respectively, such that H * /H and K * /K are cyclic of order p. We shall consider first the case when H ⊂ K. In this case, clearly H * ⊆ K and thus
If neither of these subgroups is contained in the other, then both H and K are properly contained in H K so also H * and K * are contained in H K hence H * K * ⊂ H K and clearly H K ⊂ H * K * therefore H K = H * K * . Now, since H K ⊂ H K * ⊂ H * K * it follows that also H K * = H K and, in a similar way, we have
Also, if one of the idempotents is equal to e A a similar result follows easily.
Finally, we wish to show that the sum of these idempotents is equal to 1. For each cyclic subgroup C of A we denote by G(C) the set of all elements of C that generate this subgroup; i.e.,
If C denotes the family of all cyclic subgroups of A then, clearly, |A| = C∈C |G(C)| and, since A is a p-group, |G(C)| = |C| − |C|/p.
Let S denote the set of all subgroups H of A such that the quotient A/H is cyclic and denote e = H ∈S e h . We claim that e = 1. To prove this fact, it is enough to show that (FA)e = FA. As we have shown that these idempotents are pairwise orthogonal, we have that
Notice that H = H * + e H and that H * e H = 0 thus
It follows from the proof of [10, Proposition 3.
and, clearly,
It is well known that there exists a bijection Φ : C → S such that |X| = |A/Φ(X)| for all X ∈ C. This is a consequence of character theory for finite abelian groups (see [12, Chapter 10] ). If we denote by C ∈ C the subgroup such that Φ(C) = H we have
and thus
The result follows. 2
The following is an immediate consequence of the lemma above and Corollary 2. Notice that the primitive idempotents of FB are given by Theorem 4.1 above and, writing E = a 1 × · · · × a n , a product of cyclic groups of order 2, then the primitive idempotents of F E are all products of the form e = e 1 e 2 · · · e n , where
It should be noted that, in view of Corollary 2, these are the only cases where primitive idempotents of finite abelian group algebras can be computed in this way.
Dimension and minimum distance
Assume that |A| = 2 m p n , where p denotes an odd prime and m 0. As before, we write A = E × B, where E is an elementary abelian 2-group of order 2 m (eventually trivial) and B a p-group.
As noticed right after Theorem 4.2, the primitive idempotents of F E are all products of the form e E = e 1 e 2 · · · e m , where
and the primitive idempotents of FA are products of the form e E .e B , where e E is a primitive idempotent of F E and e B a primitive idempotent of FB. For a fixed idempotent e E of F E and an element y ∈ E, we can write y = a
where ε i = 0 or 1, 1 i m.
Hence
where ε y = 0 or 1. Notice that, taking into account formula (2) and the fact that h H = H for all h ∈ H , we have that each product α j e E e H is of the form α j e E e H = k j e E e H , where k j ∈ F , 0 j p i − 1.
Since ( Since γ = 0, we have that at least one coefficient k j = 0. If γ = k j b j e E H we would have that e E H ∈ (FA) · e E e H , a contradiction. So, at least two different coefficients k j , k j must be nonzero for every γ ∈ I e and thus l(I e ) 2 m+1 |H |. Hence l(I e ) = 2 m+1 |H |.
Finally, we shall compute the dimension of minimal abelian codes; i.e., the dimension of ideals of the form FA · e, where e is a primitive idempotent of FA. Let e = e E e H be one such primitive idempotent. We have that 
